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K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Upologismìc oloklhrwm�twn me qr sh summetri¸n

Sth Fusik  pollèc forèc emfanÐzontai oloklhr¸mata ta opoÐa
mporoÔn na aplopoihjoÔn me qr sh summetri¸n.

Par�deigma 1o: jewroÔme oloklhr¸mata thc morf c

Iij (k) =
∫

R3
d3x f (r ; k)xixj , i = 1, 2, . . . , 3 , (1)

ìpou k stajerì di�nusma kai r to mètro tou x.
I Anagkastik�

Iij (k) = F (k)kikj .

I Pollaplasi�zontac me δij kai ajroÐzontac sta i , j

F (k) =
1
k2

∫
R3

d3x f (r ; k)r2 =
4π

k2

∫ ∞

0
dr r4f (r ; k) ,

ìpou qrhsimopoÐhsa ìti d3x = dΩdrr2, se sfairikèc
suntetagmènec. To (2) eÐnai èna monodi�stato
olokl rwma, eukolìtero na upologisjeÐ.
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Par�deigma 2o: Qrhsimopoi¸ntac epiqeir mata summetrÐac ja
upologÐsoume ta oloklhr¸mata

Ii =
∫

dΩ ni ,

Iij =
∫

dΩ ninj ,

Iijk =
∫

dΩ ninjnk , (2)

Iijkl =
∫

dΩ ninjnknl ,

ìpou ni = xi /r , i = 1, 2, 3 eÐnai oi sunist¸sec tou monadiaÐou
dianÔsmatoc

n1 = sin θ cos φ , n2 = sin θ sin φ , n3 = cos θ (3)

kai dΩ = dφdθ sin θ h stere� gwnÐa.

I Lìgw summetrÐac artiìthtac (se k�je �xona xeqwrist�)
èqoume ìti

Ii =
∫

dΩ ni = 0 , Iijk =
∫

dΩ ninjnk = 0 . (4)
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I Lìgw summetrÐac artiìthtac wc proc k�je �xona
xeqwrist� èqoume ìti Iij = Aδij . Pollaplasi�zoume me δij
kai ajroÐzoume touc deÐktec, opìte 3A =

∫
dΩ = 4π. 'Ara

Iij =
∫

dΩ ninj =
4π

3
δij . (5)

I Lìgw summetrÐac katìpin enallag c opoiwnd pote dÔo
deikt¸n èqoume

Iijkl = B(δij δkl + δkj δil + δlj δki ) .

Pollaplasi�zontac me δij kai ajroÐzontac wc proc i , j

δij Iijkl =
∫

dΩ nknl =
4π

3
δkl = 5Bδkl ,

opìte B = 4π/15. 'Ara

Iijkl =
∫

dΩ ninjnknl =
4π

15
(δij δkl + δkj δil + δlj δki ) . (6)
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Sth genik  perÐptwsh èqoume to olokl rwma

Ji1i2 ...iN =
∫

dΩ ni1ni2 · · · niN . (7)

An N eÐnai perittì tìte eÐnai mhdèn lìgw artiìthtac.

I Genik� lìgw summetrÐac lìgw enallag c dÔo deikt¸n
opoiwnd pote èqoume

Ji1i2 ...i2N = AN (δi1,i2δi3,i4 . . . δi2N−1,i2N + · · · ) , (8)

ìpou me tic teleÐec uponooÔme ìlouc touc dunatoÔc ìrouc
enallag c twn im kai in.

I An eklèxoume im = 3, ∀ m = 1, 2, . . . , 2N, èqoume

J33 . . . 3︸ ︷︷ ︸
2N

=
∫

dΩ cos2N θ = 2π
∫ π

0
dθ sin θ cos2N θ

= 2π
∫ 1

−1
dx x2N =

4π

2N + 1
.
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I All�
J33 . . . 3︸ ︷︷ ︸

2N

= ANBN ,

ìpou BN eÐnai o arijmìc N diakrit¸n zeug¸n pou mporoÔme
na fti�xoume me 2N antikeÐmena.

I IsqÔoun h anadromik  kai oriak  sqèsh

BN+1 = BN + 2NBN = (2N + 1)BN , B1 = 1 ,

me lÔsh
BN = (2N − 1)!! .

I 'Ara

4π

2N + 1
= AN (2N − 1)!! =⇒ AN =

4π

(2N + 1)!!
.
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Par�deigma 3o: Ja deÐxoume ìti h sfaÐra Sn monadiaÐac
aktÐnac ston Rn+1

Sn : x2
1 + x2

2 + · · ·+ x2
n+1 = 1 , (9)

èqei ìgko

VSn =
2π

n+1
2

Γ(n+1
2 )

. (10)

Eidik�

VS1 = 2π , VS2 = 4π , VS3 = 2π2 , VS4 = 8π2/3 , VS5 = π3 .

EpÐshc:

I O ìgkoc thc VS−1 prèpei nai eÐnai mhdèn. Pr�gmati

VSn−1 → n , n → 0 .

I EpÐshc
VS0 = 2 .

H S0 eÐnai to ìrio eujÔgrammou tm matoc. To ìrio autì
apoteleÐtai apì 2 shmeÐa ìsa kai o ìgkoc thc S0!
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Apìdeixh: Ac oloklhr¸soume th sun�rthsh

f (r) = e−x2
1−x2

2−···−x2
n+1 = e−r2

, (11)

se ìlo to q¸ro Rn+1. O stoiqei¸dhc ìgkoc eÐnai

dVn+1 = dx1dx2 . . . dxn+1 = dVSn drrn . (12)

I 'Ara, se Kartesianèc suntetagmènec∫
Rn+1

dVn+1f (r) =
∫ ∞

−∞
dx1 . . .

∫ ∞

−∞
dxn+1 e−x2

1−x2
2−···−x2

n+1

=
[∫ ∞

−∞
dx e−x2

]n+1
= π

n+1
2 , (13)

ìpou qrhsimopoÐhsa ìti∫ ∞

−∞
dx e−x2

=
√

π .
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I Se sfairikèc suntetagmènec∫
Rn+1

dVn+1f (r) = VSn

∫ ∞

0
dr rne−r2

=
1
2
VSn Γ

(
n + 1

2

)
. (14)

I Exis¸nontac tic (13) kai (14) brÐskoume thn (10).

Mia qr simh sqèsh eÐnai h

dVSn = sinn−1 θ dVSn−1 . (15)

Gia na deÐxoume ìti isqÔei oloklhr¸noume kai ta dÔo mèlh thc

VSn = VSn−1

∫ π

0
dθ sinn−1 θ

=
√

πΓ(n/2)

Γ
(

n+1
2

) ,

pou isqÔei. Oi leptomèriec af nontai wc ['Askhsh].
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Par�deigma 4o: H sfaÐra monadiaÐac aktÐnac Bn+1 pou
perilamb�netai apì thn Sn

Bn+1 : x2
1 + x2

2 + · · ·+ x2
n+1 6 1 , (16)

èqei ìgko

VBn+1 = VSn

∫ 1

0
dr rn =

VSn

n + 1
=

π
n+1
2

Γ(n+1
2 + 1)

. (17)

Eidik�,

VB2 = π , VB3 = 4π/3 , VB4 = π2/2 , VB5 = 8π2/15 .

EpÐshc

I H B0 eÐnai èna shmeÐo kai autì dÐnetai ap' ton ìgkoc thc

VB0 = 1 .

I O ìgkoc thc B1 eÐnai to m koc tou eujÔgrammou tm matoc
x ∈ [−1, 1]

VB1 = 2 .
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Par�deigma 5o: To olokl rwma

Ji1i2 ...iN =
∫

dVSn ni1ni2 · · · niN , (18)

ìpou ni oi sunist¸sec tou monadiaÐou dianÔsmatoc sthn Sn

eÐnai mhdèn gia N perittì kai

Ji1i2 ...i2N = AN (δi1,i2δi3,i4 . . . δi2N−1,i2N + · · · ) , (19)

ìpou me tic teleÐec uponooÔme ìlouc touc dunatoÔc ìrouc
enallag c twn im kai in kai

AN =
2πn/2Γ(N + 1

2 )
Γ[(n + 1)/2 + N ](2N − 1)!!

. (20)

Apìdeixh: An eklèxoume im = 3, ∀ m = 1, 2, . . . , 2N, èqoume:
I Qrhsimopoi¸ntac thn (15) brÐskoume ìti

J33 . . . 3︸ ︷︷ ︸
2N

=
∫

dVSn cos2N θ = VSn−1

∫ π

0
dθ sinn−1 θ cos2N θ

= VSn−1

∫ 1

−1
dx (1− x2)n/2−1x2N =

2πn/2Γ(N + 1
2 )

Γ[(n + 1)/2 + N ]
.

Oi leptomèriec twn endi�meswn bhm�twn af nontai wc
['Askhsh].
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I All�
J33 . . . 3︸ ︷︷ ︸

2N

= ANBN ,

ìpou BN eÐnai o arijmìc N diakrit¸n zeug¸n pou mporoÔme
na fti�xoume me 2N antikeÐmena.

I Apì prohgoÔmeno par�deigma

BN = (2N − 1)!! .

I 'Ara
2πn/2Γ(N + 1

2 )
Γ[(n + 1)/2 + N ]

= AN (2N − 1)!! ,

ap' ìpou upologÐzoume thn AN , ìpwc sthn (20).
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Upologismìc oloklhrwm�twn me mejìdouc migadik c an�lushc

H qr sh mejìdwn thc migadik c an�lushc eÐnai idiaÐtera
qr simh. PrÐn thn an�ptuxh twn di�forwn mejìdwn qrei�zontai
oi orismoÐ:

I Mia sun�rthsh eÐnai analutik  sto shmeÐo z0 an h
an�ptuxh se dunamoseir� sthn geitoni� tou shmeÐou
sugklÐnei sthn tim  thn sun�rthshc sto shmeÐo autì.

I 'Ena shmeÐo z0 sto opoÐo h sun�rthsh f (z) den eÐnai
analutik , all� eÐnai analutik  se geitonik� shmeÐa
lègetai apomonwmèno an¸malo shmeÐo.

I Mia sun�rthsh eÐnai meromorfik  se mia perioq  tou
migadikoÔ epipèdou C an eÐnai pantoÔ analutik  ektìc apì
peperasmèno arijmì shmeÐwn.
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JewrÐste thn an�ptuxh kat� Laurent

f (z) =
∞

∑
n=−∞

an(z − z0)n . (21)

Oi suntelestèc an dÐnontai ap' to migadikì olokl rwma

an =
1

2πi

∮
C

dz
f (z)

(z − z0)n+1 ,

ìpou h C eÐnai kÔkloc pou perilamb�nei mìno to z0.

I To shmeÐo z0 ja eÐnai pìloc t�xhc m an an = 0 gia
n < −m kai a−m 6= 0.

I An a−1 6= 0 o pìloc eÐnai aplìc.

I An h �jroish ekteÐnetai sto �peiro o pìloc eÐnai mia
ousi¸dhc anwmalÐa.

I An z0 eÐnai èna apomonwmèno an¸malo shmeÐo o
suntelest c a−1 onom�zetai oloklhrwtikì upìloipo thc
f (z) sto z0.
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Oloklhr¸mata sthn pragmatik  eujeÐa

Oloklhr¸mata thc morf c∫ ∞

−∞
dx f (x) .

'Estw ìti h f (z) me z ∈ C eÐnai analutik  sto p�nw mèroc tou
migadikoÔ epipèdou, ektìc apì peperasmèno arijmì shmeÐwn zk ,
k = 1, 2, . . . , n, ìpou èqei eÐte pìlouc eÐte ousi¸deic anwmalÐec.

O R-R

R ∞

.
.. .z1

z

z

z

2

3
4

.z5 z6.
Σχήμα: Δρόμος ολοκλήρωσης για ολοκληρώματα στην πραγματική

ευθεία. Οι εντός της καμπύλης πόλοι είναι στα σημεία zk , για
k = 1, 2, 3, 4 και οι εκτός για k = 5, 6.
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Me qr sh thc jewrÐac twn oloklhrwtik¸n upoloÐpwn èqoume∫
C

dz f (z) = 2πi
n

∑
k=1

Rk ,

ìpou Rk ta oloklhrwtik� upìloipa entìc hmikuklÐou C meg�lhc
aktÐnac R → ∞. EpÐshc upojèsame ìti lim|z |→∞ f (z) = 0, to
ligìtero ìso gr gora ìso h 1/|z |m, me m > 1. Tìte∫ ∞

−∞
dx f (x) = 2πi

n

∑
k=1

Rk . (22)
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Oloklhr¸mata me trigwnometrikèc sunart seic

Oloklhr¸mata thc morf c∫ 2π

0
dθ F (cos θ, sin θ) . (23)

'Estw o metasqhmatismìc

z = e iθ =⇒ dθ =
dz
iz

.

To z diagr�fei to monadiaÐo kÔklo

z1

z2 3z
z4

10

.
. ..

Σχήμα: Δρόμος ολοκλήρωσης μοναδιαίου κύκλου. Οι εντός της

καμπύλης πόλοι είναι στα zk , για k = 1, 2, 3 και οι εκτός για k = 4.
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Opìte∫ 2π

0
dθ F (cos θ, sin θ) =

∮
C

dz
iz

F
(

z + 1/z
2

,
z − 1/z

2i

)
= 2πi

n

∑
k=1

Rk , (24)

ìpou Rk eÐnai ta oloklhrwtik� upìloipa entìc tou monadiaÐou
kÔklou.
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ShmeÐa diakl�dwshc kai upologismìc oloklhrwm�twn

JewrÐste to z pou diagr�fei ton monadiaÐo kÔklo apì e0i = 1,
èwc e2πi = 1. 'Ara sunart seic ìpwc oi z2, 1/z3, sin z ,
epistrèfoun sthn arqik  touc tim  met� apì èna pl rh kÔklo.
'Omwc gia pleiìtimec sunart seic, qrei�zetai prosoq . P.q. h
z1/2 kai h ln z gÐnontai −z1/2 kai ln z + 2πi met� apì èna
pl rh kÔklo.

I ShmeÐa gÔrw apì ta opoÐa mia sun�rthsh eÐnai pleiìtimh,
onom�zontai shmeÐa diakl�dwshc.

I Gia na ta apofÔgoume qar�soume mia gramm  pou en¸nei
ta shmeÐa aut� qwrÐzontac to migadikì epÐpedo kai tètoia
¸ste h f (z) na èqei diaforetik  tim  ekatèrwjen aut c.
Sun jwc oi dÔo autèc timèc diafèroun me mia f�sh.

I H idiìthta aut  mporeÐ na qrhsimopopoihjeÐ gia ton
upologismì oloklhrwm�twn.
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Par�deigma 1o

UpologÐste ta oloklhr¸mata

In =
∫ ∞

0
dx

cos ax
(1 + x2)n

, n = 1, 2 , a > 0 .

LÔsh Ta oloklhr¸mata gr�fontai wc

In =
1
2

∫ ∞

−∞
dx

cos ax
(1 + x2)n

=
1
2

∫ ∞

−∞
dx

e iax

(1 + x2)n
.

a) JewroÔme tì hmikÔklio �peirhc aktÐnac sto migadikoÔ
epipèdou, ìpou èqoume èna aplì pìlo entìc tou hmikuklÐou sto
z1 = i kai ènan ektìc sto z2 = −i . 'Ara∮

dz
e iaz

1 + z2 = 2πi
e−a

2i
= πe−a ,
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H mình suneisfor� sto aristerì mèloc eÐnai aut  kat� m koc
tou pragmatikoÔ �xona, me apotèlesma∫ ∞

0
dx

cos ax
1 + x2 =

π

2
e−a .

b) JewroÔme to Ðdio hmikÔklio opìte èqoume èna diplì pìlo
entìc tou sto z1 = i , all� kai èna diplì ektìc sto z2 = −i .
UpologÐzoume

∮
dz

e iaz

(1 + z2)2
= 2πi

d
dz

e iaz

(z + i)2

∣∣∣∣∣
z=i

=
π

2
(1 + a)e−a .

Gia to olokl rwma pou mac endiafèrei brÐskoume parìmoia me
prÐn ∫ ∞

0
dx

cos ax
(1 + x2)2

=
π

4
(1 + a)e−a . (25)
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Par�deigma 2o

Na upologisteÐ to olokl rwma

I1 =
∫ ∞

0
dx

x sin x
x2 + a2 .

LÔsh
EpekteÐnoume pr¸ta to olokl rwma se ìlh thn pragmatik 
eujeÐa

I1 =
1
2

∫ ∞

−∞
dx

x sin x
x2 + a2 =

1
2

Im
∫ ∞

−∞
dx

xe ix

x2 + a2

kai jewroÔme to migadikì olokl rwma

I =
∮
C

dz
ze iz

z2 + a2 ,

me drìmo olokl rwshc C to meg�lhc aktÐnac hmikÔklio tou
sq matoc. Autìc perikleÐei ton pìlo sto z = i |a|, en¸ o
deÔteroc pìloc sto z = −i |a| brÐsketai ektìc.
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H mình suneisfor� sto aristerì mèloc eÐnai ap' thn
pragmatik  eujeÐa me apotèlesma

I = 2πi · i |a| · e−|a|

2i |a| = iπe−|a| .

'Ara

I1 =
π

2
e−|a| .
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Par�deigma 3o

Na upologisteÐ ta olokl rwma

I =
1

2πi

∫ ∞

−∞
dω

e iωt

ω− iΓ−Ω
. (26)

LÔsh
JewrÐste to migadikì olokl rwma

J =
1

2πi

∮
C

dz
e izt

z − iΓ−Ω
, Γ > 0 , Ω > 0 .

I An t > 0 epilègoume wc C to hmikÔklio �peirhc aktÐnac
sto p�nw mèroc tou migadikoÔ epipèdou, to opoÐo perikleÐei
ton aplì pìlo sto shmeÐo z = iΓ + Ω. To apotèlesma
eÐnai e−Γt+iΩt .

I An t < 0 jewroÔme wc C to hmikÔklio �peirhc aktÐnac sto
k�tw mèroc tou migadikoÔ epipèdou, sto opoÐo h sun�rthsh
eÐnai analutik . To apotèlesma eÐnai 0.
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I Epeid  h suneisfor� sto olokl rwma apì to kuklikì mèroc
thc perifèreiac tou hmikuklÐou eÐnai mhdenik .

I 'Eqoume telik� ìti

I = e−Γt+iΩtΘ(t) ,

ìpou

Θ(t) =
{

1 , t > 0
0 , t < 0

}
h sun�rthsh b matoc.

I Oloklhr¸mata tou tÔpou (26) emfanÐzontai se
probl mata sqetizìmena me di�dosh kum�twn, se diadìtec
se JewrÐec PedÐou klp. H emf�nish thc Θ(t) sqetÐzetai me
thn arq  thc aitiìthtac (to apotèlesma èpetai thc aitÐac
pou to dhmioÔrgise) h opoÐa eÐnai mia fusik  apaÐthsh.
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Par�deigma 4o

UpologÐste ta oloklhr¸mata

In =
∫ ∞

−∞
dx

x2n

x4 − 2 cos 2θ x2 + 1
, 0 < θ < π , n = 0, 1 ,

apodeiknÔontac tautìqrona ìti I0 = I1.
LÔsh
JewroÔme to migadikì olokl rwma∮

C
dz

z2n

z4 − 2 cos 2θz2 + 1
, n = 0, 1 ,

ìpou C to hmikÔklio sto p�nw mèroc tou migadikoÔ epipèdou
kai o pragmatikìc �xonac. Oi (aploÐ) pìloi thc upì
olokl rwshc sun�rthshc dÐnontai apì thc rÐzec thc

z4 − 2 cos 2θ z2 + 1 = 0 =⇒ z = e±iθ , −e±iθ .
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Epeid  0 < θ < π, entìc thc C brÐskontai oi rÐzec e iθ kai
−e−iθ. Tìte ap' th genik  jewrÐa

In = 2πi
[ z2n

(z − e−iθ)(z + e iθ)(z + e−iθ)

∣∣∣
z=e iθ

+
z2n

(z − e iθ)(z − e−iθ)(z + e iθ)

∣∣∣
z=−e−iθ

]
= · · · =

π

2
cos(2n− 1)θ

sin θ cos θ
, n = 0, 1 .

'Ara

I0 = I1 =
π

2 sin θ
.

27



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Par�deigma 5o

Na upologisteÐ ta olokl rwma

I =
∫ π

0

qdθ

q2 + sin2 θ
, q ∈ R και n > 1 .

LÔsh
JewroÔme wc drìmo olokl rwshc C sto migadikì epÐpedo ton
monadiaÐo kÔklo. Me thn allag  metablht¸n

z = e iθ ⇒ dz = izdθ , dθ =
dz
iz

, sin θ =
1
2i

(
z − 1

z

)
,

to olokl rwma gr�fetai

I =
1
2

∫ π

−π

qdθ

q2 + sin2 θ
= 2iq

∫
C

dz z
z4 − 2(2q2 + 1)z2 + 1

.
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I Oi pìloi tou paronomast  wc proc z2 eÐnai jetikèc
pragmatikèc posìthtec, èstw r2

± me

r2
± = 2q2 + 1±

√
(2q2 + 1)2 − 1 .

I IsqÔei ìti r2
+r2
− = 1 opìte r2

− < 1 kai r2
+ > 1. 'Ara oi mìnoi

pìloi entìc tou drìmou olokl rwshc eÐnai z = ±|r−|.
I UpologÐzoume

I = 2iq · 2πi ·
(

lim
z→|r− |

(z − |r−|)
z

(z2 − r2
+)(z2 − r2

−)

+παρομοίως για z = −|r−|
)

=
π sign(q)√

q2 + 1
.
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Par�deigma 6o

UpologÐste to olokl rwma

In =
∫ ∞

0

dx
1 + xn , n ∈ R.

LÔsh
JewroÔme to migadikì olokl rwma

Jn =
∮
C

dz
1 + zn ,

ìpou C h kampÔlh anoiqt c kìgqhc gwnÐac 2π/n.

2π/n

O A

B

z0.
Reiφ

R∞

Σχήμα: Ο δρόμος ολοκλήρωσης ΟΑΒΟ για το παράδειγμα 6.
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I H upì olokl rwsh sun�rthsh èqei mìno èna aplì pìlo
entìc thc C sto shmeÐo z0 = e iπ/n. 'Etsi èqoume

Jn = −2πi
n

e iπ/n .

I Ap' thn �llh, kat� m koc twn drìmwn:

I OA: z = x ⇒ Jn = In,
I BO: z = xe2πi/n ⇒ Jn = −e2πi/nIn.
I Τόξο AB: z = Re i ϕ

, με R → ∞ ⇒ Jn = 0.

I 'Ara telik�

In =
π/n

sin π/n
.
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Par�deigma 7o

JewroÔme ta migadik� oloklhr¸mata

Jn =
∮
C

dz
lnn z

1 + z2 , n = 0, 1, . . . , (27)

me perÐgramma olokl rwshc ìpwc sthn eikìna

AB

C DE

∞R

.

.-i

i

Σχήμα: Δρόμος ολοκλήρωση του παραδείγματος 7. Τα σημεία

διακλάδωσης στο 0 και στο ∞ ενώνονται με την παχιά γραμμή.
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kaj¸c kai ta pragmatik� oloklhr¸mata

In =
∫ ∞

0
dx

lnn x
1 + x2 , n = 0, 1, . . . .

I Me th mèjodo twn oloklhrwtik¸n upoloÐpwn upologÐste tic
timèc twn Jn.

I Qrhsimopoi¸ntac to J2 deÐxte ìti I1 = 0. Genikìtera, deÐxte
me stoiqei¸dh trìpo (�neu qr sewc migadik c an�lushc)
ìti

In = 0, n = 1, 3, 5 . . . .

I Qrhsimopoi¸ntac to J3 deÐxte ìti

I2 =
π3

8
.
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LÔsh

I Entìc thc C èqoume touc aploÔc pìlouc sta shmeÐa
z = e iπ/2 = i kai z = e3iπ/2 = −i kai èqoume

Jn = 2πi

[(
ln eπi/2

)n

z2 + 1
(z − i)

∣∣∣∣∣
z=i

+

(
ln e3πi/2

)n

z2 + 1
(z + i)

∣∣∣∣∣
z=−i

]

=
[(

1
2

)n
−
(

3
2

)n]
πn+1in .

Shmei¸nw ìti, lìgw thc Ôparxhc twn shmeÐwn diakl�dwshc,
den jèsame −i = e−iπ/2 entìc tou logarÐjmou.
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I O drìmoc CD suneisfèrei sto J2 kat� I2, to mikrì hmikÔklio
gÔrw ap' thn arq  twn axìnwn mhdèn kai to Ðdio kai o
meg�loc kÔkloc sto �peiro. Kat� m koc tou drìmou AB
èqoume z = e2πix , me x na mikraÐnei apì to ∞ sto 0, opìte

ln2 z = (ln x + 2πi)2 = ln2 x − 4π2 + 4πi ln x .

I AjroÐzontac tic di�forec suneisforèc kai qrhsimopoi¸ntac
to stoiqei¸dec olokl rwma∫ ∞

0

dx
1 + x2 = π/2 ,

sumperaÐnoume ìti I1 = 0.
Gia thn apìdeixh tou genikìterou apotelèsmatoc
all�zoume pr¸ta metablht  wc x = 1/y kai paÐrnoume
thn tautìthta

In = (−1)nIn ,

ap' thn opoÐa sumperaÐnoume to zhtoÔmeno.
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I O drìmoc CD suneisfèrei sto J3 kat� I3, o mikrìc kÔkloc 0
kai to Ðdio kai o meg�loc kÔkloc sto �peiro. Kat� m koc
tou drìmou AB èqoume z = e2πix , me x na mikraÐnei apì to
∞ sto 0, opìte

ln3 z = ln3 x − 8π3i + 6πi ln2 x − 12π2 ln x .

AjroÐzontac tic di�forec suneisforèc, sumperaÐnoume ìti

I2 =
π3

8
.
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Par�deigma 8o

Ja deÐxoume ìti to olokl rwma

J(x) =
∫ ∞

0
dt

tx

1 + t2
=

π

2 cos(πx/2)
, |x | < 1 . (28)

Qrhsimopoi¸ntac to apotèlesma ja upologÐsoume ta
oloklhr¸mata

Jn =
∫ ∞

0
dt

lnn t
1 + t2

, n = 0, 1, . . . . (29)

Ja d¸soume th genik  èkfrash mèsw twn arijm¸n Euler.
LÔsh
JewroÔme to migadikì olokl rwma

ζ(x) =
∮
C

dz
zx

1 + z2 ,

me perÐgramma olokl rwshc ìpwc sthn eikìna tou
prohgoÔmenou paradeÐgmatoc.
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I Kaj¸c h aktÐna R → ∞ kai to mikrì hmi-kÔklio gÔrw apì
to mhdèn surrikn¸netai, h mình m  mhdenik  suneisfor�
eÐnai apì

ζ(x) =
∫

CD
+
∫

AB
= J(x)(1− e2πix ) .

I Entìc thc kampÔlhc èqoume dÔo aploÔc pìlouc sto
z1 = e iπ/2 kai z2 = e3iπ/2. Opìte

ζ(x) = J(x)(1− e2πix ) = 2πi

(
e iπx/2

2i
− e3iπx/2

2i

)
,

= −2πie iπx sin(πx/2) ,

apì ìpou paÐrnoume to apotèlesma (28).

I Qrhsimopoi¸ntac ìti tx = ∑∞
n=0 xn/n! lnn t, èqoume

J(x) =
∞

∑
n=0

xn

n!
Jn =

π

2 cos(πx/2)
.
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I 'Omwc

π

2 cos(πx/2)
=

∞

∑
n=0

Anx2n ,

=
π

2
+

π3

16
x2 +

5π5

768
x4 +

61π7

92160
x6 +O(x8) .

I SugkrÐnontac Jn(x) = 0 an to n eÐnai perittìc en¸ gia an
eÐnai �rtioc

J0 =
π

2
, J2 =

π3

8
, J4 =

5π5

32
, J6 =

61π7

128
.

39



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

H genik  èkfrash eÐnai mèsw twn arijm¸n tou Euler:
I OrÐzoume ta polu¸numa tou Euler ap' thn an�ptuxh

2
ext

et + 1
=

∞

∑
n=0

En(x)
tn

n!
. (30)

I Oi arijmoÐ tou Euler orÐzontai wc

En = 2nEn

(
1
2

)
, n = 0, 1, 2, . . .

kai eÐnai ìloi akèraioi, me

E0 = 1 , E2 = −1 , E4 = 5 , E6 = −61 , κλπ

kai E2n+1 = 0.
I Tìte

1
cos z

=
∞

∑
n=0

|E2n|
(2n)!

z2n .

I 'Ara

J2n =
(π

2

)2n+1
|E2n| . (31)
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Par�deigma 9o

Ja upologÐsoume to olokl rwma

In(a) =
∫ ∞

−∞
dx

eax

coshn x
, a ∈ R+ , n = 1, 2, . . . , a < n . (32)

Shmei¸nw ìti isqÔei In(−a) = In(a).
LÔsh: JewroÔme to migadikì olokl rwma

Jn(a) =
∮
C

dz
eaz

coshn z
. (33)

R R- O

iπ/2

iπ

3iπ/2

.

.

.

Α Β

CD

Μιγαδικό επίπεδο z

Σχήμα: Δρόμος ολοκλήρωσης C του παραδείγματος 9.
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I Epeid  n = 1, 2, . . . , h upì olokl rwsh sun�rthsh èqei
mìno pìlouc sta shmeÐa

zm = i(m +
1
2
)π , m ∈ Z .

Mìno to shmeÐo z0 = iπ/2 eÐnai entìc thc C .
I Oi suneisforèc sto olokl rwma apì ta 4 tm mata eÐnai:

AB : z = x ∈ (−∞, ∞) , Jn(a) = In(a) ,

CD : z = x + iπ , x ∈ (∞,−∞) , Jn(a) = −(−1)ne iπaIn(a) ,

BC : z = R + iy , y ∈ (0, π) , lim
R→∞

Jn(a) = 0 ,

DA : z = −R + iy , y ∈ (π, 0) , lim
R→∞

Jn(a) = 0 ,

ìpou qrhsimopoÐhsa ìti cosh(x + iπ) = − cosh x .
I 'Ara

Jn(a) =
[
1− (−1)ne iπa

]
In(a) . (34)
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I Gia na upologÐsoume to oloklhrwtikì upìloipo sto
z0 = iπ/2 all�zoume metablht  wc

z = ζ + iπ/2 =⇒ Jn(a) = (−i)ne iπa/2
∮
C

dζ
eaζ

sinhn ζ
,

ìpou qrhsimopoÐhsa ìti cosh(ζ + iπ/2) = i sinh ζ. O
drìmoc C eÐnai ènac mikrìc kÔkloc gÔrw apì to ζ = 0.

I 'Ara arkeÐ na anaptÔxoume thn sun�rthsh

eaζ

sinhn ζ
,

se seir� gÔrw ap' to ζ = 0 kai na broÔme to suntelest 
tou 1/ζ ìrou, dhlad  to oloklhrwtikì upìloipo Rn(a).
Merikèc timèc eÐnai:

R1(a) = 1 , R2(a) = a , R3(a) =
a2 − 1

2
, R4(a) =

a(a2 − 4)
6

.

I Telik�
Jn(a) = 2π(−i)n−1e iπa/2Rn(a) . (35)
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I Exis¸nontac tic (34) kai (35) brÐskoume ìti

In(a) = 2π(−i)n−1 Rn(a)
e−iπa/2 − (−1)ne iπa/2 . (36)

I Merik� paradeÐgmata eÐnai:

I1(a) =
π

cos(πa/2)
, a < 1 ,

I2(a) =
πa

sin(πa/2)
, a < 2 ,

I3(a) =
π(1− a2)

2 cos(πa/2)
, a < 3 ,

I4(a) =
πa(4− a2)
6 sin(πa/2)

, a < 4 .

Af netai wc ['Askhsh] na deiqjeÐ ìti oi parap�nw
sunart seic eÐnai jetikèc ìpwc prèpei.

I An n ∈ R kai n > 1 h ap�nthsh mporeÐ na brejeÐ mèsw
upergewmetrik¸n sunart sewn.
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